Abstract: A partial characterization (a necessary condition for decomposability and a criterion for nondecomposability) of decomposable positive maps is given. Furthermore, a clarification of the structure of the set of positive maps is provided.
Introduction
The aim of this paper is to continue the analysis of the set of positive maps on C * -algebras, which we presented in our recent publications [11] , [12] , [13] , [14] , and [15] . In particular, in [12] , we have employed the facial geometry of state space (cf [1] , [2] ) and the facial structure of positive maps for the analysis of the set of positive linear maps of matricial algebra M k (C) to itself and we have explained why the theory of positive maps is changed so dramatically when one goes from the 2 dimensional case, M 2 (C), to the 3 dimensional one, M 3 (C). The main reason of this phenomena is the fact that the facial geometry of the state space of M 3 (C) (as well as that for
is much "richer" than the facial geometry of the state space of M 2 (C) (see [12] for details).
Here, to complete the analysis given in [12] we want to look more closely at the set of positive maps T : M 2 (C) → M k (C), k ≥ 2, and to clarify what is behind the emergence of nondecomposable maps for k ≥ 3. The basic idea is to study the "algebraic" regularity of decomposable maps. In this paper we prove that any decomposable map preserves reversibility (Theorem 3.1). Subsequently, in Section 4, using this result we study non-decomposable maps T on matricial algebras T : M 2 (C) → M 4 (C). These examples of maps indicate that "algebraic" properties of certain subsets of matricial algebras M k (C), k ≥ 4, could be responsible for the occurrence of non-decomposable maps. Our conclusions are given in Section 5.
We want to close the introduction with a remark that we hope the results presented here and in [12] shed new light on the structure of positive maps as well as on the nature of entanglement.
Definitions and notations
In this section we wish to set up notation, terminology and to review some of the standard facts on positive maps. Let A be a C * -algebra. A + will denote the set of all positive elements of A. If A is a unital C * -algebra then a state on A is a linear functional φ : A −→ C such that φ(A) ≥ 0 for every A ∈ A + and φ(I) = I where I is the unit of A. The set of all states on A we denote by S A .
the algebra of k × k-matrices with complex entries and T k = 1 M k ⊗ T . We say that T is k-positive if the map T k is positive. Finally, the map T is said completely positive when T is k-positive for every k ∈ N. For any Hilbert space L by B(L) we denote the C * -algebra of all bounded linear operators acting on L. The canonical form of any completely positive map T : A → B(K) is (see [18] , and [6] ) A positive map T : A −→ B(K) is called decomposable, if it can be written in the form (cf. [20] ,
where π(·) is a Jordan morphism of A in B(L), while W : K → L is a linear bounded map.
By P, P C and P D we will denote respectively the set of all positive, completely positive and decomposable maps from B(H) to B(K). Note that
and the inclusions are proper if dimH ≥ 3 and dimK ≥ 3.
We recall that a JC-algebra, A, is a norm closed real vector space of bounded self-adjoint operators on a complex Hilbert space closed under the Jordan product • (see [8] and [3] for details). A JC-algebra A is said to be reversible if products of the form Π
whenever a i ∈ A. The following gives a nice criterion for reversibility. Let R(A) denote the norm closed algebra over reals generated by products of the form Π we need more preliminaries (for details see [8] ). s ∈ A is called a symmetry if s 2 = I. A spin system in A is a collection P k = {s 1 , ..., s k } of non-trivial symmetries s k (so different from ±I) such that for any s m , s n ∈ P, s m • s n = 0 provided that m = n. Let V k be the real linear span of I and P k . V k is called spin factor if V k is equipped with a real Hilbert structure and the multiplication Turning to states we recall that the set of states S is nicely characterized by its facial geometry.
To give a brief exposition of that geometry (for details see [1] , [2] ) we begin with definition of the concept of face. Let F be a convex subset of a convex set S in some Banach space. F is said to be a face of S if the following property holds:
x, y ∈ S, (1 − t)x + ty ∈ F f or some t ∈ (0, 1)
Let F be a norm closed face in S. If p is the carrier projection of F (the smallest projection p
A face of the form F p , where p is a projection in A, is called a projective face (for the more general definition of this concept see [2] ).
An ordered normed vector space V with a generating cone V + is said to be a base norm space if V + has a base K located on a hyperplane H (0 ∈ H) such that the closed unit ball of V is co(K ∪ −K). The convex set K is called the (distinguished) base of V . A face F of the normal state space K of B(H) is said to be norm exposed if there exists an a ∈ B(H), positive, such that F = {σ ∈ K; σ(a) = 0}. A norm closed face F of the normal state space of B(H) is always norm exposed. Finally, a face affinely isomorphic to the closed unit ball in Euclidean 3-dimensional space will be called a 3-ball. It is worth pointing out that the set of all states of a 2D system 3 is a 3-ball. Moreover, any state of 2D system can be described as a linear combination of Pauli
and σ 2 i = 1. Thus, the Pauli matrices are symmetries in M 2 (C). We recall that • stands for the Jordan product. The facial geometry of the set of normal states of B(H) is determined by (see • Every norm exposed face is projective.
• The σ-convex hull of extreme points of K equals K.
• The face generated by every pair of extreme points of K is a 3-ball and is norm exposed.
Let us note that the last condition of Theorem indicates that the set of "two dimensional This result and the Størmer observation, [22] , saying that non decomposability of a positive unital projection on A (i.e. linear map P : A → A such that P (A + ) ⊆ A + , P (I) = I, and P · P = P ) is related to non-reversibility of imP gives as a conclusion the following hint: to understand non decomposable maps we should look more closely on maps which have very specific images. In particular, the images of some non-decomposable maps could be "far" from being equal to B(L) (so also far from M k (C)). We will come back to this observation in the Section 4.
Decomposable maps
To understand the structure of positive maps it seems necessary to examine the regularity of decomposable maps. To carry out this task, in [12] , we have used the Shultz theorem, [17] , to study the compositions of U W (·) ≡ W * · W with Jordan morphisms. As a result we have shown that decomposable maps T : M k (C) → M k (C), k ≥ 3, are more regular than plain positive maps.
However, the argument given in [12] does not apply to the case M 2 (C) → M k (C) due to the fact that the domain of T is always a "small" set, so the image of T could be also a "small" set
To proceed with this question we turn to the algebraic "regularity" of decomposable maps. To this end we will use the Størmer results who observed relations between the "nature" of positivity of a map and the algebraic structure of its range ( [22] , see also [7] ). In particular, he linked the decomposability of positive projections to the theory of JC algebras. In particular, the reversibility of Jordan algebras (cf section 2) plays a crucial role.
Following the Størmer observation we wish to prove Then, in the form of decomposable map (see (2.2)), one can restrict oneself to the subspace QL which by a slight abuse of notation we denote by the same letter L (cf [12] ). Then W is an isometry of K into L and we can identify K as a subspace of L. Consequently, we can consider the following form of T :
where p is the projection onto K ֒→ W K ⊂ L. On the other hand, the set {pπ(a)| W K ; a ∈ A} can be identified with {pπ(a)p, a ∈ A} ⊂ B(L). Consequently, a decomposable map is unitarily equivalent to the composition of a compression U p with a Jordan morphism π.
Now we wish to prove that π(A s.a. ) ≡ A π s.a. is a reversible algebra. To this end we note that for any Jordan morphism π : A → B(L) one has
where c is a central projection of π(A) and π 1 is a * -morphism while π 2 is a * -antimorphism. Take 
= π 1 (a 1 )π 1 (a 2 )···π 1 (a n )+π 2 (a 1 )π 2 (a 2 )···π 2 (a n )+π 1 (a n )π 1 (a n−1 )···π 1 (a 1 )+π 2 (a n )π 2 (a n−1 )···π 2 (a 1 )
= π 1 (a 1 a 2 · · · a n ) + π 2 (a n a n−1 · · · a 1 ) + π 1 (a n a n−1 · · · a 1 ) + π 2 (a 1 a 2 · · · a n ) = π 1 ({a 1 , ..., a n }) + π 2 ({a 1 , ..., a n }) = π({a 1 , ..., a n }) ∈ A π s.a.
Thus {a 
s.a. . Following Choi, Effros, and Stormer (see [5] , [7] ) we define, firstly, the C * -algebraic structure of A π,p :
Secondly, the Jordan structure of A π,p s.a. :
Now, using the above defined structures one has:
Hence {a 
As Pauli matrices are selfadjoint and
they form a spin system. Moreover, we have 
where 0 < µ < 1 and 0
) and performing some calculations we arrive at:
where, as before, σ i stands for Pauli matrices while the numbers γ i , β i are functions of µ and ǫ.
To inspect the question of reversibility of the Jordan algebra generated by {T µ,ǫ (σ i )} 3 i=0 we note that imT µ,ǫ ⊂ M 4 (C) and obviously M 4 (C) is an associative algebra. Let A denote the Jordan algebra generated by imT µ,ǫ . Clearly, A can be considered as a Jordan algebra generated by I and
Then A is a reversible Jordan algebra (see [8] ). But, on the other hand, {T µ,ǫ (σ i ), i = 1, 2, 3} is an irreducible subset in M 4 (C). Moreover, as M 4 (C) is a factor, one has R(A) ∩ iR(A) = {0} or R(A) = M 4 (C). All these facts imply that A being equal to R(A) s.a.
is a "large" subset of M 4 (C).
Conclusions
In [4] Choi has observed that
where the partial transposition Θ is defined as
and he posed
Choi also noted (see [4] for details) that "the underlying structure theory is rather deep even for low dimensional case". Now we can say more about this underlying structure theory .
Namely, considering maps T : M n → M n the facial structure of M + n , for n ≥ 3, is rich enough to provide room for non decomposable maps which explains why the above Question has a positive answer only for n = 2 (cf [12] ). It is worth pointing out that the set of positive maps also has a well described facial structure ( [10] ).
On the other hand, for maps T : M 2 → M n , n ≥ 4, there are subsets in M n with rich enough algebraic structure giving rise to non reversibility of certain Jordan subalgebras, so subsequently to existence of non decomposable maps. In particular, positive maps have very simple structure P = P D , as it was observed by Woronowicz, only for (M 2 , M 2 ), (M 2 , M 3 ), and (M 3 , M 2 ) cases; in these cases there is no room for non reversible Jordan algebras and the facial structure is no rich enough. Turning to maps T : M 2 → M 4 , Tang's maps are showing another possibility. The
Jordan algebra A, due to non-commutativity, could be too large to have R(A) s.a. = A.
Thus to get understanding of the structure of positive maps it seems that one should combine two approaches: the geometric one based on [1] and [2] with the algebraic approach based on certain algebraic properties of the domain and the image of the considered map. It should be emphasized that these two approaches are related each other (see [1] and [2] ).
